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This paper reports 2D and 3D direct numerical simulations of the Rayleigh-Bénard convection in a fluid
layer, 3He, close to its gas-liquid critical point. The main quantity of interest is the time when the convective
motion becomes appreciable after the heat current has been started. A space periodic, time-independent tem-
perature perturbation is applied to the top plate aiming to represent the various sources of noise in the
experiments. A single amplitude of this additional perturbation reproduces the noise level of the experiments
for all the used combinations of the critical point proximity and of the heating power. Over four decades of the
Rayleigh number, this simple operation removes the systematic discrepancy reported in an earlier paper and
brings the simulations into good agreement with the measurements. Scaling of the exponential convection

growth rate is presented and discussed.
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I. INTRODUCTION

In the past five years, many two-dimensional (2D) nu-
merical studies [ 1-3] were devoted to the convection onset in
a Rayleigh-Bénard (RB) cell filled with *He close to its gas-
liquid critical point and heated from below with a current g.
Initially, the fluid is on its critical isochore, at a constant
temperature 7; slightly above the critical temperature 7.
=3.318 K, such that T;=(1+¢)T,, where £¢>0 defines the
dimensionless proximity to the critical point. These simula-
tions correspond to the experiments [4,5] carried out in a flat
cylindrical cell of height H=1.06 mm and having an aspect
ratio (diameter/height) of 54. In the experiment, the fluid
layer lies between two horizontal plates made of ultrapure
OFHC (oxygen-free high conductivity) copper; these plates
are about 10H thick (~1 cm). Given the very large thermal
diffusivity of OFHC copper at 3 K (~3500 cm?/s), the two
plates have a very small thermal inertia in comparison with
that of the fluid, with a thermal equilibration time of the
order of 0.3 ms. Consequently, only the fluid domain is con-
sidered in these simulations. Once the current ¢ is turned on,
the temperature difference AT between the bottom plate and
the top one increases with time, an evolution accelerated by
thermoacoustic effects, the so-called “piston effect” [6]. As-
suming that the heating is intense enough to induce the hy-
drodynamic instability of the fluid layer, convective plumes
are generated and AT(r) reaches a maximum at r=t, when
these plumes reach the top plate. This instant is followed by
damped oscillations of AT(r), specific to a very compressible
fluid [2], toward a steady-state heat transfer described by a
Rayleigh number defined by
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where AT=AT, (steady state), g is the gravity acceleration,
p.=41.4 Kg/m? is the critical density, \ is the thermal con-
ductivity, Bp is the thermal expansion coefficient, w is the
dynamic viscosity, and Cp is the heat capacity at constant
pressure. AT,q/H=gT;Bp/Cp is the adiabatic temperature
gradient [7], which corrects the classical expression of the
Rayleigh number by accounting for the diverging compress-
ibility of the fluid as the critical point is approached. Good
agreement was obtained between the simulations and the ex-
periments for the period of oscillations of AT(z) and for AT;
however, systematic discrepancies were obtained for the time
t, when the convective regime starts [8].A recent 2D numeri-
cal study [3] showed how a temperature perturbation on the
top plate accelerates the convection onset, bringing the simu-
lation into a better agreement with the simulation for &
=0.2 and ¢=0.216 uW/cm?. And very recently, a semiana-
Iytical study [9] established a scaled relation t,/7)
~ F(Ra®"-Ra,) for the beginning of the convective regime,
where Ra,=1708 [10] is the critical Rayleigh number and 7,
is the thermal diffusion relaxation time (see Table I in Ref.
[8]). For a weakly compressible fluid (¢ > 1), 7,=H?/D (Dy
being the thermal diffusivity), but the ratio 7,/ (H?/4D7) de-
creases with & from 4 to 1 as e —0.

Besides presenting the first 3D simulations of the prob-
lem, this work aims to generalize the idea of the additional
perturbation for many values of € and ¢, reproducing in the
simulations the noise level of the experiments. We consider a
space-periodic, time-independent temperature perturbation
on the top plate that, according to [3], is effective in speeding
up the development of convection. Hence in the 2D approxi-
mation, the temperature of the top plate, initially maintained
at T; [1,2], is now assigned T,,=T;+B cos(2my/ aH), where
B is the amplitude of the perturbation of wavelength « (de-
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FIG. 1. Supercritical He? layer heated from below.

fined below) and y is the horizontal coordinate. The adopted
strategy consists in finding the amplitude B that, for the case
considered in [3] (¢=0.2 and ¢=0.216 uW/cm?), yields the
best agreement for 7, with the experiment. This amplitude,
noted By, is then used in the modified simulations for vari-

ous combinations of & and q.

II. MODELING

The mathematical model is based on the classical Navier-
Stokes and energy equations written in the low Mach number
approximation. The thermodynamic equilibrium of the fluid
is described by a linearized equation of state, and its proper-
ties are a function of . The model is solved using a finite
volume method, accurate to second order in space and to
third order in time [11]. A Cartesian computational domain
of height H=1.06 mm is used together with an aspect ratio
of 8, as in [3], with lateral periodic conditions and no-slip
vertical boundaries (Fig. 1). As the Rayleigh number at the
steady-state increased, the mesh was refined from (120 X 46)
points (in the 2D approximation) up to (240X 90) and the
time-step was reduced from 0.125s to 0.0ls. For example,
for £=0.2 and ¢=0.216 w W/cm?, a grid of (160 X 50) points
(uniform in the horizontal direction and refined at the walls)
and a time-step of 0.125s were sufficient to obtain a mesh
and time-step independent solution. While maintaining the
top plate at its initial temperature (7y,), the simulation is
started without heating (¢=0) and is carried out as the tem-
perature equilibration takes place diffusively throughout the
fluid layer in the presence (or absence) of the temperature
perturbation on the top plate. After reaching a steady state,
the simulation is continued with a constant current g applied
on the bottom plate; this instant when the heating starts is
chosen to be r=0.

As mentioned in the Introduction, the bottom plate has a
very high thermal diffusivity that maintains its temperature
homogeneous. This property was reproduced numerically by
considering along the bottom plate a very thin sublayer, of
thickness A~ H/1000, in which the numerical diffusion
fluxes in the horizontal directions are artificially increased:
the value of the thermal diffusivity DI}I used to compute these
fluxes is gradually increased from D, (at z=h) up to ADy
(with A> 1) at the bottom plate (at z=0), as shown in Fig. 2.
However, for h/H=107 and A=10° the solution was
shown to become independent of these two parameters.

III. RESULTS AND DISCUSSION FOR £=0.2
AND ¢=0.216 uW/cm?

A. Temperature fields and time evolution of AT

For £=0.2 and ¢=0.216 uW/cm?, Fig. 3 shows the evo-
lution of AT(r) with or without additional perturbation on the
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FIG. 2. Distribution of DIT{ in the vicinity of the bottom plate
(for h/H=1073 and A=10°) making its temperature homogeneous.

top plate. The unperturbed 2D and 3D solutions were ob-
tained with the same numerical conditions. The perturbed 2D
solution was obtained for a=2, which corresponds to the
wavelength of the temperature field of the unperturbed solu-
tion (see Fig. 4, =250 s). Figure 4 shows that the solution is
3D at the convection onset and 2D in the steady state. With
AT =87.8 uK one obtains Ra“®"=2145, but as the Rayleigh
number increases (for example, for £=0.05 and g
=45.8 nW/cm?, Ra*©"=4580), the solution remains 3D in
the steady state (see Fig. 5). For still higher Rayleigh num-
bers, the solution continues evolving with time, hence it re-
mains unsteady. However, a statistically steady state of heat
transfer is always reached with a quasiconstant value AT
=AT,. For the AT(r) plot, the difference between the 2D
approximation and the 3D solution is very small as far as 7,
is concerned, and the value of AT remains the same (it is
6% lower than the experimental value). The small amplitude
B of the perturbation (B<AT,) does not alter the value of
AT, and consequently that of Ra®" in the steady state, but it
leads to a considerable decrease in ¢,,.

B. Results analysis

In order to better understand the time evolution of AT, the
enstrophy field [12] was computed. It reflects the intensity of
the convective activity, and is defined by

3

Ens = E

ij=1

1
E(Vi,j -v;)% (2)

where v; ; represents the derivative of the velocity compo-

nent v; in the direction j. Figure 6 shows the time evolutions
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FIG. 3. Time evolution of the temperature difference AT(z)
across the fluid layer for £=0.2 and ¢=0.216 uW/cm?, with (B
#0) and without (B=0) perturbation of the temperature of the top
plate. The heating starts at t=0. The temperature fields for the in-
dicated instants are shown in Fig. 4.
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FIG. 4. (Color online) Cuts of the temperature fields for &
=0.2 and ¢=0.216 uW/cm? (unperturbed 3D solution). The lower
and upper shaded isotherms correspond to 7-7;=60 and 30 uK,
respectively. The temperature field at r=250 s corresponds to steady
state (time-independent).

of the space-averaged enstrophy corresponding to the three
simulations shown in Fig. 3. At the first instants of the simu-
lation (not shown in Fig. 6), and before starting the heat, the
enstrophy increases to reach a constant value. This value
reflects the perturbation level of the dynamic field induced
either by the numerical noise (for B=0) or by the inhomoge-
neous temperature field resulting from the diffusion of the
additional perturbation applied on the top plate into the fluid
layer (for B#0).The flat signal of the enstrophy shown in
Fig. 6 for <0 indicates the saturation of the solution with
perturbation. After the heating has started at r=0, AT in-
creases, and when the instantaneous Rayleigh number, ob-
tained from Eq. (1), exceeds the critical value Ra,=1708
(this occurs for AT=70.5 uK at 1=6.7 s), the intensity of
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FIG. 5. (Color online) A cut of the steady-state (time-
independent) temperature field for £=0.05 and ¢=45.8 nW/cm?
(Ra®"=4580) (unperturbed 3D solution). The lower and upper
shaded isotherms correspond to 7-7;=10 and 5 uK, respectively.
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FIG. 6. Time evolutions of the space-averaged enstrophy [Eq.
(2)] for £=0.2 and ¢=0.216 uW/cm?, with and without additional
perturbation on the top plate. After the fluid layer has become un-
stable (at t~7 s), the enstrophy increases exponentially with time.

convection increases exponentially with time until it pro-
duces enough convective transfer to noticeably deform the
initially almost horizontal isotherms in the RB cell [13]. We
note that the exponential growth rate of the convective activ-
ity (the slope o of the curves before the convective regime)
is the same in 2D and in 3D, with or without additional
perturbation. Hence, for a given pair (g,q), the value of ¢,
only depends on the perturbation level preceding the expo-
nential growth phase of convection. This explains the slight
difference of ¢, between the 2D and the 3D solutions: for the
same numerical parameters, the perturbation level in the 2D
simulation is slightly higher than in its 3D counterpart. This
also explains the large differences obtained with other 2D
numerical studies and with the experiment: in the unper-
turbed 2D simulation, 7, ~ 125 s (see Fig. 3), compared with
90 s in [3] and 45 s in [2], while the experimental value is
about 30 s. The development of the convective regime de-
pends on the inherent noise of the simulation (truncations of
large numbers in the code) or the experiment (nonideal RB
cell). It appears hence that the earlier simulations [2,3] were
inherently noisier than those in the present study. On the
other hand, according to Fig. 6, for B#0, the additional
perturbation of the dynamic field, though small, is much
larger than the noise level of numerical origin. Hence, with
the additional perturbation, the value of 7, becomes indepen-
dent of the numerical method used: for B=0.5 uK, t,
=29.2 s (Fig. 3) agrees closely with the value obtained nu-
merically in [3] and it is also close to that from the experi-
ment. Consequently, the perturbation level produced in the
simulation with B=0.5 uK is comparable with that in the
measurements due to the imperfections of the experimental
conditions. Several 2D simulations were carried out for dif-
ferent amplitudes of the perturbation on the top plate. The
value By, of B for which #,=30 s (its experimental value) is
obtained by interpolation; By, =0.39 uK. This amplitude
was then used to perturb the solutions for different combina-
tions of € and q.

IV. APPLICATION TO OTHER VALUES (¢,q)

As mentioned before, the exponential growth rate of con-
vection o is the same for both the 2D and the 3D simulations
(see Fig. 6), as well as the value of AT and consequently of
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FIG. 7. (Color online) The time ¢, (when the convective regime
is developing), scaled by the thermal diffusion relaxation time 7p,
as a function of the steady-state Rayleigh number, for a temperature
perturbation on the top plate with an amplitude B=0.39 uK.

the Rayleigh number [Eq. (1)]. This behavior was confirmed
for other combinations of & and g. Hence, the 2D approxi-
mation is adequate for providing the value of ¢,, which will
be nearly the same as in 3D. This is because the additional
perturbation is much larger than the inherent noise of the
unperturbed simulations, as shown in Fig. 6, and masks it.
For each pair of parameters (&,g), an unperturbed 2D simu-
lation was carried out first in order to identify the natural
convection wavelength of the solution. This specified the
value of « in the expression of the additional temperature
perturbation Ty,,—7; applied subsequently, with B=B.
=0.39 uK, on the top plate. Figure 7 shows the results of
t,/ 7p for many combinations of & and ¢, as a function of the
steady-state Rayleigh number. Here the simulation results are
represented by symbols, while the solid line represents the
average curve of the experimental data shown in Fig. 5(b) of
Ref. [8]. The difference between the numerical and the ex-
perimental values of AT never exceeded 6%, with a mean
difference of 2.8%. We note first that for all values of &, the
values of 7,/ 7, collapse on a single curve. Such a scaling
was justified by the simple model mentioned earlier [9].

_______ =0.389 uW/em?
T q=0.800 uW/em?

q=3.200 \W/ecm?
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FIG. 8. (Color online) Time evolutions of the space-averaged
enstrophy for £=0.2 and for three values of the ¢ (starting at £=0),
with a temperature perturbation amplitude B=0.39 uK on the top
plate. Here the red line indicates the limiting slope o, observed
beyond the curved portion that marks the instability beginning. Also
o increases with g.
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FIG. 9. (Color online) The exponential convection growth rate
o, scaled by the thermal diffusion relaxation rate 7';)1 as a function
of the steady-state Rayleigh number, with or without a temperature
perturbation on the top plate.

Good agreement is now obtained between the experiments
and the perturbed 2D simulations over more than four de-
cades of the Rayleigh number. Thus, the additional perturba-
tion removes the discrepancy for the value of 7,/ 7, between
the experiments and earlier simulations shown in Fig. 5(b) of
Ref. [8], which had been found to increase systematically
with decreasing Ra“"-Ra,. Indeed, referring back to Fig. 4,
we can show that tg:o_tgaeox 0"1[ln(Ensgzo)-ln(Ensg¢0)],
where Ensj is the mean enstrophy at the beginning of its
exponential growth, which reflects the initial level of pertur-
bation; hence for a given numerical method (Ensgzo) and a
given perturbation level (Ensg #0), tﬁzo-tg *0 should increase
with decreasing o. On the other hand, Fig. 8 shows that, for
a given g, the time-growth rate of convection o increases
with g. Consequently, the time delay for the convective re-
gime development, tgzo_tgs&o’ increases with decreasing
Ra®"-Ra,. In Fig. 9, a correlation is found empirically be-
tween the steady-state Rayleigh number and the scaled con-
vection growth rate o X 7. The limiting slope o for each
pair of values (&,q) is defined in Fig. 8. Over approximately
four decades in the Rayleigh number, o X 7, is proportional
to (Ra*"™-Ra,)*?, a relation that needs to be explained.

V. CONCLUSIONS

3D and perturbation-controlled 2D numerical simulations
of the convection onset in a Rayleigh-Bénard cell filled with
3He have been reported. The satisfactory agreement obtained
for the characteristic time ¢, of the convective regime emer-
gence indicates that an amplitude B=0.39 uK of the de-
scribed perturbation is a good representation of the noise
level in the experiment. The introduced artificial perturbation
model must be interpreted as a measure of the effects of the
cell’s imperfections: the roughness and the alignment of the
horizontal plates, the vertical walls effects, possible inhomo-
geneity of the heating, etc. The value of By is therefore
representing the perturbations in the experimental Rayleigh-
Bénard cell. Futhermore, the amplitude of the introduced
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perturbation is consistent with the temperature fluctuations in
the regulated top plate temperature in the experiment that are
estimated to be of the order of 0.5 K. The 3D simulations
justify the relevance of the 2D approximation for finding the
value of 7,, however the description of the flow structure and
the temperature patterns requires 3D simulations.
Differences remain between the simulations and the ex-
periments, for instance the amplitude and damping of the
oscillations in AT(z). In particular, the truncated oscillations
of the experimental AT(z) curve in Fig. 3 (which become
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damped oscillations at higher values of ¢) remain to be un-
derstood. In addition, the observed [8] slow relaxation time
to steady state, 7, is not detected in the simulations.
Furthermore, the power-law representation of the scaled
growth rate o X 7~ (Ra®"-Ra,)?? needs to be understood.
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